We report on self-consistent calculations of single-K − nuclear states and multi-K nuclear states 
I. INTRODUCTION
The subject of the present work is the study ofK meson interactions with the nuclear medium. It is closely related to one of the most important, so far unresolved problems in hadronic physics, of how hadron masses and interactions change within the nuclear medium.
The in-medium properties of antikaons in dense nuclear matter have attracted considerable attention since the pioneering work of Kaplan and Nelson on the possibility of kaon condensation in dense matter [1, 2] and subsequent works offering related scenarios in nuclear matter [3, 4] .
The existence of Λ(1405), aKN quasi-bound state lying about 27 MeV below the K − p threshold, suggests that theKN interaction is strongly attractive, as demonstrated first in a vector-meson exchange model due to Dalitz et al. [5] . This is consistent with low-energȳ KN scattering data [6] as well as with the measured level shift of the 1s state in the kaonic hydrogen atom [7, 8] . The Λ(1405), as a K − p quasi-bound state, was also corroborated in the Jülich meson exchange model [9] , where the scalar σ and vector ω mesons act jointly to give strong attraction. Subsequent chiral SU(3) calculations showed that the I = 0 coupledchannelKN − πΣ interaction is sufficiently attractive to bind the Λ(1405) [10, 11] . For an update on such calculations see Refs. [12, 13, 14] .
TheK-nucleus interaction, too, is strongly attractive, as deduced from analyses of stronginteraction level shifts and widths in kaonic atoms [15, 16, 17, 18, 19, 20] . These fits to kaonicatom data are based on phenomenological density dependent optical potentials [15, 16, 17, 19, 20] or on a relativistic mean-field (RMF) approach [18] , yielding strongly attractive K − -nucleus potentials of depths 150-200 MeV. For an update see Ref. [21] . In contrast, coupled-channel calculations usingKN interactions constrained by chiral models and fitted to the low-energyKN scattering and reaction data result in shallowerK-nucleus potentials of depth in the range of 100-150 MeV [22] . Imposing a self-consistency requirement on the evaluation of the in-mediumK-nucleus potential, yields much shallower potentials of depth about 50 MeV [23, 24, 25, 26] . Similar results are obtained when the Jülich meson-exchange model is used within a self-consistent coupled-channel calculation [27] . A depth of about 80 MeV is indicated by analyzing the enhanced near-threshold production of K − mesons in proton-nucleus collisions, in recent experiments by the KaoS Collaboration at GSI [28] (and references cited therein to earlier nucleus-nucleus experiments).
TheK-nuclear interaction is also strongly absorptive, due dominantly to the one-nucleon absorption reactionsKN → πY with approximately 100 MeV (Y = Σ) and 180 MeV (Y = Λ) energy release for the final hyperon Y . The strong absorptivity is confirmed by fits to kaonic-atom data [17] .
Considerable interest in this field in recent years has focused on the question of possible existence of deeply boundK-nuclear states, and whether such states are sufficiently narrow to allow unique experimental identification. Kishimoto [29] , and Akaishi and Yamazaki [30, 31] , suggested to look forK-nuclear states bound by over 100 MeV, for which the dominantKN → πΣ decay channel would become kinematically forbidden. Furthermore, it was suggested that multi-K high-density nuclear clusters should also exist, providing perhaps a precursor stage to kaon condensation [32] . Several searches forK deeply bound states have been subsequently made in KEK [33, 34, 35, 36] , by the FINUDA collaboration in DAΦNE, Frascati [37] and at the AGS, Brookhaven [38] . However, the interpretation of the observed spectra is ambiguous, as demonstrated by an alternative explanation of the (allegedly K − pp) peak observed in the back-to-back Λp invariant mass distribution of K − stop reactions on 6, 7 Li and on 12 C [37] in terms of quasi-free K − NN absorption and final-state interaction [39] .
The theoretical calculations ofK-nuclear bound states may be divided into two classes:
(i) few-body calculations using a single-channel G-matrix or AMD methodology [31, 40, 41, 42] , and coupled-channelKNN − πΣN Faddeev equations [43, 44] which agree with
Refs. [31, 42] on K − pp being bound, although differing widely on the binding energy and width calculated for this lightest possible system; (ii) dynamical RMF calculations [45, 46] which take into account the polarization of the nucleus owing to the strongly interactingK meson, as well as the reduction of phase space available for the decay of the deeply bound The purpose of the present paper is twofold. In the first part we report on dynamical calculations of single-K − nuclear states within the relativistic mean field (RMF) approach.
This part of the work deals with three items:
• Effects due to the vector-meson ρ and φ mean fields which were not included in our previous calculations [45] are studied. The introduction of the ρ-meson mean field allows for a departure from N = Z nuclear cores forK-nuclear states, and the introduction of the φ-meson mean field allows for studying multi-strangeK-nuclear states.
• The effect of p-wave gradient terms motivated by the I = 1 Σ(1385) resonance is studied by extending the RMF coupled equations in the simplest form. Although the role of theKN p-wave interaction is marginal near threshold [47] , it might become more important for deeply bound antikaons, owing to local variations in the nuclear densities induced by the antikaon [48] .
• Following our previous work [45] , we explore in more detail and rigor the absorptive part of the optical potential in the energy region where the dominant decay channel KN → πΣ is closed. This is done by incorporating for the first time theKN → πΛ channel, with threshold some 80 MeV below the πΣ threshold, and by considering a ρ 2 density dependence for the two-nucleon absorption modesKNN → Y N. The ρ 2 dependence is more appropriate for the description of the two-nucleon nature of these absorption modes.
In the second part of this work we explore within the RMF methodology deeply bound multi-K nuclear states, in order to study the behavior of the nuclear medium under the influence of increasing strangeness. The issue here is whether or not the binding energy perK meson of multi-K nuclear states increases significantly upon adding a large number ofK mesons, so thatK mesons provide the physical degrees of freedom for self-bound strange hadronic systems. Kaon condensation in nuclear matter would occur beyond some threshold value of strangeness, if the binding energy perK meson exceeds the combination
MeV (in this paper we useh = c = 1), where µ N is the nucleon chemical potential. In such a case, Λ, Σ and Ξ hyperons would no longer combine macroscopically with nucleons to compose the more conventional kaon-free form of strange hadronic matter [49] . In neutron stars, the binding energy perK meson necessary for the onset of kaon condensation is given by m K − µ e − , where µ e − is the electron chemical potential (generally accepted to assume values of µ e − < ∼ 200 MeV). The RMF approach was first applied to the study of kaon condensation in the mid 1990s, originally without considering a possible interplay with hyperons [50, 51] and then with hyperons included [52, 53] . This approach was also used in Ref. [54] 
with
and the covariant derivative D µ given by:
This particular choice of interaction scheme leads to the coupling of the vector meson fields to conserved currents. The conserved (Noether) current associated with the kaonic field is obtained from the invariance of L K under global phase transformation. Using
one obtains a conserved vector current whose vacuum (represented by filled shells of nucleons and κK mesons) expectation value transforms to the expression for ρ K − given in Eq. (6) below. The standard variational principle yields equations of motion for all field operators.
The meson field operators and source terms are then replaced by their expectation values, according to the mean-field approximation. For simplicity, we limit discussion in this section to nuclear systems with K − mesons. The generalization to nuclear systems withK 0 mesons is straightforward.
Whereas the Dirac equation for nucleons is not explicitly affected by the addition of L K , the presence of K − mesons induces additional source terms in the equations of motion for the meson (mean) fields:
with ρ s , ρ v and ρ 3 denoting the scalar, vector and isovector nuclear densities, respectively, and with ρ p denoting the proton density. The K − density ρ K − is given by:
where 
where the K − self-energy term is given by:
This implies a K − effective mass m of the combined κK − -nuclear system B(A, Z, κK − ) has the form:
where E i and E K − are the nucleon and K − single particle energies, respectively. From this expression, it is evident that the K − binding
contains, in addition to B sp K − , mean field contributions representing part of the rearrangement energy of the nuclear core.
A. P-wave contributions
To study the role of p waves in theKN interaction, we have extended the K − self energy Π K − by adding a phenomenological isoscalar p-wave potential:
where c 0 = (c p +c n )/2 ≈ 3c p /2 is an energy-dependent strength parameter dominated by the contribution of the Σ(1385) p-wave resonance [60] . Calculations were done for K − -nuclear states bound by about 100 MeV, corresponding roughly to √ sK N = 1330 MeV, namely about 55 MeV below the Σ(1385) resonance, where c 0 is positive (attractive) and nearly real:
in agreement with the plot of c p in Fig. 2 of Ref. [42] .
B. Absorptive contributions
Having dealt with the nuclear binding energy of K − mesons, in the next step we consider K absorption in the nuclear medium, in order to evaluate the K − decay width Γ K − . In our model, this is done by allowing the self energy Π K − to become complex and replacing
Since the imaginary part of the self energy is not addressed by the traditional RMF approach, Im Π K − was taken from optical model phenomenology. We follow Ref. [45] taking the optical potential imaginary-part depth from fits to K − atomic data, while the nuclear density is treated as a dynamical quantity in these self-consistent calculations. Once the antikaon is embedded in the nuclear medium, the attractiveKN interaction compresses the nuclear core, thus increasing the nuclear density which leads to an increasedK width. On the other hand, the phase space available for decay products is reduced due to the binding energy of theK meson, particularly in the case ofK deeply bound states. To accomplish this reduction, suppression factors multiplying Im Π K − were introduced, explicitly consideringK binding energy for the initial decaying state and assuming two-body final state kinematics.
We first consider absorption on a single nucleon, leading to the following pionic decay
with thresholds about 100 MeV and 180 MeV, respectively, below theKN total mass. The numbers in parentheses give approximately the branching ratios known from bubble chamber and emulsion experiments [61] . The corresponding single-nucleon absorptive contribution to the optical potential is given in leading approximation by:
Im Π
(1)
where W 0 is taken from kaonic atom fits and the phase-space suppression factors f 1Y (Y = Σ, Λ) are given by:
Absorption on two nucleons leads to non-pionic decay modes
with thresholds about m π ≃ 140 MeV lower than the corresponding pionic decay mode thresholds. Since the non-pionic modes are heavily dominated by the ΣN final state, the ΛN channel was not considered in the present work and we focused attention primarily on a quadratic density dependence of the ΣN final-state contribution to the absorptive part of the optical potential. A quadratic density dependence for two-nucleon absorption processes has been successfully used in studies of pionic atoms [17, 21] . TheK two-nucleon absorptive part of the optical potential is given by:
where the factor 0.2 represents the approximately 20% branching ratio for two-nucleon absorption from rest [61] and ρ 0 ∼ 0.16 fm −3 is an A-dependent central nuclear density used for properly normalizing the two-nucleon absorption strength with respect to the one-nucleon absorption strength. The phase-space suppression factor f 2Σ has the form:
The set of coupled equations containing the Dirac equation for nucleons, the KG equations (5) and (7) for the meson mean fields and for antikaons, respectively, was solved self-consistently using an iterative procedure.
III. RESULTS AND DISCUSSION
Calculations ofK-nuclear states in 12 C, 16 O, 40 Ca, and 208 Pb were performed, using both the linear (HS) [62] and non-linear (NL-SH) [63] parameterizations of the nucleonic Lagrangian density L N . These RMF parameterizations give quite different estimates of nuclear properties. In particular, the non-linear models yield generally lower values of the nuclear incompressibility. Therefore, stronger polarization effects in these models owing to the presence ofK meson(s) are anticipated, in comparison with the linear models.
The (anti)kaon coupling constants to the meson fields were chosen as follows: The coupling constant g ωK was given a reference value g 0 ωK = (1/3)g ωN following the simple quark model. The reference value for g σK was taken then from fits to kaonic atom data, which yielded g 0 σK = 0.2 g σN for the linear and g 0 σK = 0.233 g σN for the non-linear parameterizations of L N [18] . Finally, the coupling constants g ρK and g φK were adopted from the SU (3) relations: √ 2 g φK = 2 g ρK = g ρπ = 6.04 [53] .
The SU(3) relation 2g ωK = g ρπ was not imposed on g ωK since its value was varied in the calculations, along with varying g σK , in order to scan over different values ofK binding energies. Thus a particular way of varying these coupling constants away from their 'reference' values was used. Starting from g iK ≡ α i g 0 iK = 0 (i = σ, ω), we first scaled up α ω from the value required for the onset of binding all the way to α ω = 1, corresponding to
In the first part of this work, single-K − nuclear states were studied. We verified that the interaction generated by the ρ-meson mean field has a small effect on the K − binding energy The most pronounced effect is observed for the 1s 1/2 nucleon states, which become significantly more bound in the presence of a 1s K − meson. The right-hand spectrum displays further modification of the nucleon single-particle energies due to the ρK − coupling. It is seen that the isovector ρK − interaction reverses the order of the 1s 1/2 proton and neutron energy levels, determined in the absence of ρK − coupling by the Coulomb interaction. This reversal is due to the ρK − coupling acting against the Coulomb interaction.
The interaction generated by the φ-meson mean field reduces the K − binding energy in systems with more than one K − meson, as it mediates repulsive interaction exclusively among strange particles. Generally, for the parameterizations and nuclei studied, the effect of the φ-meson repulsion increases with B K − , owing to the increased central K − density. It amounts to several MeV for binding energies B K − < ∼ 200 MeV. In the next step, considering the K − decay modes discussed in the previous section, we calculated the corresponding widths of K − -nuclear bound states. In particular, we considered the one-nucleon absorption modeKN → πΛ, in addition to the dominantKN → πΣ mode studied in our recent work [45] , and also both ρ and ρ 2 density dependencies of the two-nucleon absorption modeKNN → ΣN. Figure 4 demonstrates that the effect of nuclear compression, as evidenced by the increase of the nuclear density ρ N upon increasing the binding energy B K − of the 1s state, is limited to relatively small radii, r < ∼ 1.5 fm. Whereas in as light a nucleus as C this region constitutes most of the nucleus, it is only a fraction of the nuclear volume in medium-weight nuclei such as Ca and in heavier nuclei (not shown in the figure).
We also studied another possible source of uncertainty for the calculated K − decay width, namely the dependence on the branching ratios assumed for the various conversion modes. K − ], whereas capture from rest in bubble-chamber and emulsion experiments [61] is likely to occur in lower-density regions. Therefore, the contribution to the K − decay widths due to Im Π
K − could be larger than estimated by adopting the 0.8 : 0.2 'canonical' ratio. The ambiguities involved in evaluating the contribution of Im Π (2) K − have been recently discussed by Yamagata and Hirenzaki [64] .
The last item studied for single-K − nuclear states was the effect of a p-wave K − -nucleus (10) and (11) are denoted by S+P.
C
40 Ca (10)]. Table I demonstrates the effects of this interaction, with a strength parameter c 0 given by Eq. (11) 2 ) and also of the moderate increase of the nuclear density distributions when compared to the case of purely s-wave interactions.
B. Multi-K nuclei
In the second part of this work, we embedded several (κ ≥ 2) antikaons in the nuclear medium and studied the nuclear response, as well as the energies and widths of bound states in such multi-K nuclear systems. We studied nuclear systems containing only K − mesons or onlyK 0 mesons. We checked that saturation of BK(κ) is actually reached for a higher value of κ than shown in the figure (κ ≥ 10).
The dependence of the nuclear density ρ N (r) and the K − density ρ K − (r) on the number of K − mesons embedded in the nuclear medium is shown in Fig. 10 for ( Table II . 
IV. CONCLUSIONS
In the present work, we studied in detail the interplay between the underlying dynamical processes and the relevant kinematical conditions which determine the decay width of deeply boundK-nuclear states in the nuclear medium. We performed fully self-consistent dynamical calculations ofK-nuclear states for nuclear systems with one and severalK mesons within the RMF approach.
We verified that the interaction of a 1s K 
